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Perfect polyphase sequences of the the odd prime
length

TakaoMaeda Yodai Watanabe Takafumi Hayashi
May 11, 2020

Abstract

Perfect polyphase sequences are famous for its variety of applications.
We are interested in mathematical aspects of such sequences. Since they
are defined intrinsically, it is important to reveal the structure of the set
of such sequences.

This paper fully characterizes perfect p-phase sequences of length p for
an odd prime p. The characterization is given as the equivalence between
the following two conditions (1) and (2) for a p-phase sequence {an}?_
with a, = wpf" for 0 <n < p-—1, where wp, denotes a primitive p-th root
of unity:

(1) {an} is perfect,
(2) fn is a quadratic polynomial in n.
The complete proof is described.

To analyze the structure of the set of such sequences, some easy trans-
formations of the set are defined. For an arbitrary such sequence {an}ﬁ;})7
it is shown that there exists transformation y such that x is a composition
of the easy transformations and x({a.}’_4) = {w"2 o

keywords: perfect sequence, polyphase sequence, p-phase sequence,
root of unity, residue ring, parameterization

1 Introduction

A perfect polyphase sequence is known as perfect root-of-unity sequence (PRUS),
perfect N-array sequence, perfect N-phase sequence. It is one of the important
research theme of sequence design and is introduced in [1], which is published as
a comprehensive text book of sequence design. Frank sequences, Chu sequences
and another sequences are introduced in it as a perfect polyphase sequence. So
the history of the research of perfect polyphase sequences can be trace back
to the days of Frank[2] or Chu[3]. Much research has been done since then.
A lot of methods to build it are proposed[6], and many properties have been
revealed[7, 4] There are still a lot of application of perfect polyphase sequences.
Many recent papers in this field seems to begin with samples of their appli-
cations. For example, synchronization, communication schemes ( DS/SSMA,



FH/SSMA ) navigation (GPS, GALILEO), pulse-compression RADAR, active-
SONAR, etc. are listed out in [4, 5]

We are interested in the mathematical aspects of perfect polyphase se-
quences. Perfect sequences or polyphase sequences are defined intrinsically,
i.e. these sequences are defined as sequences which satisfy several equalities. It
seems to be difficult to treat them.

We think that parameterization of such sequences are promising, to avoid
such kind of difficulties. We tried to parameterize several types of sequences.
We tried to parameterize a perfect sequence. Expanding the theory of discrete
Fourier analysis, we succeeded to parameterize the set of perfect sequences of
a general case[9, 10]. We could not parameterize the set of perfect polyphase
sequences by using a similar method. We succeeded in parameterizing it with
a completely different approach in the case of an odd prime length.

According to the result, arbitrary perfect polyphase sequence of odd prime
length are expressed by the exponential function and a quadratic form. Prepar-
ing terminologies, symbols and definitions , we describe the result.

1.1 Terminologies

Z,Q,R, C, are the ring of integers, the field of rational numbers, the field of
real numbers and the field of complex numbers, respectively. ¢ is an imaginary
unit, i.e. i = /=1 € C. Let z = x + iy € C be a complex number where
z,y € R. The complex conjugate of z is expressed as z*, i.e. z* = — iy.

Let A be a set. id, is the identity mapping of A. |A| is the number of
elements belonging to A. Let R be a ring and X be an indeterminate. R[X] is
the polynomial ring of X over R. _

Let N, m,n be integers such that N > 1. wy = e’ is a N-th root of unity.
In the case N is obvious, N is abbreviated and we simply write w. Z/NZ is
a quotient ring of Z by the ideal NZ. 7 is an image of n by the canonical
projection map Z — Z/NZ. [m,n] is the greatest common divisor of m and n.
If m is positive, we define the factorial of m as m! = m-(m —1)---2-1. If
m > n > 0, the binomial coefficient ,,,C,, is defined as follows;

m!

an =

(m —n)n!

In the case of the calculation in Z/NZ, it should be treated as a quotient of
integers and should not be treated as a quotient of elements of Z/NZ, since
there is a possibility that (m —n)ln! =0 mod N. Zy and Z} are subsets of
Z defined as follows;

Zy = {meZo<m<N-1}={0,1,2,--- ,N — 1},
Zy = {meZy|m,N]=1}.



1.2 Definitions and the main theorem

Definition. A sequence of length N is an array of complex numbers indexed
by Zy and is denoted as follows;

{Clo,CH, L, AN — 1} {an}n =0 {a'n}OSnSN—la {an}nEZNa where a, € C.

This means that a, is uniquely determined for each n € Zy. From this, a
sequence can be viewed as a mapping from Zy to C. In the case that the range
of the index set is obvious, we abbreviate the index set and simply write it as

{an}.
Definition. A periodic autocorrelation function of {a, }N= is defined as fol-

lows;
N—i—1

ACF({an},1) = Z U100, + Z Amtl— N,

m=N—1

Since Zy is a complete representative system of Z/NZ, a sequence can
be treated as a map from Z/NZ to C. So, a sequence can be described as
{an}nez/nz ' and an autocorrelation function ACF({an},l) is expressed as
follows;

ACF({an},1) = Z Q100

meZ/NZ

Definition. A sequence {a,} -} is called perfect when its autocorrelation
function is impulsive, that is, autocorrelation function ACF({a,},l) satisfies
the following property.

=0 ifl#£0 mod N
ACF({an},l){ #£0 ifl=0 mod N

Definition. Let M be a positive integer. A sequence {an}ﬁ’;ol is called an
M-phase sequence or a polyphase sequence of M-th root of unity, if a,™ =1
for all n € Zy.

Definition. Let {an} iy be a M- phase Sequence then a, is given by wa"
where f, € Z/MZ. The sequence {fn}N=} is called the exponent of {a, }N—

Using these words we describe the main theorem of the article.

Theorem 1 (main theorem). Let p be an odd prime and {a, }5~" be a p-phase
segence of length p with exponent {f,}>_,. Then the following two conditions
are equivalent

(i) {an}P_y is perfect
(ii) f» is quadratic polynomial in n

The proof of the theorem will be shown in the following section. After the
proof, we describe the structure of the set of perfect polyphase sequence of odd
prime length. The description is justified by the main theorem.

1Formally, we should write az. But this style seems to be unsightly and we are convinced
that the style written in the text will not cause confusion.



2 Proof of the main theorem

wp is abbreviated to w. Generally, an equality in Z/pZ should be represented as
m = n mod (p). Since there are a lot of equality in Z/pZ, in this section, we
abbreviate ” mod (p)” and simply describe as m = n if there is no confusion.
Since (ii)== (i) is obvious, we focus on proving (i)==(ii).
To handle f,, we use the following lemma.
Lemma 1. Let p be an odd prime integer and f,, be an arbitrary elenet of Z/pZ.
Then, there exists a polynomial F(X) € Z[X] which satisfies that F(n) = f,
for all n € Z/pZ and the degree of F(X) is p — 1 or less.

The proof of the lemma is shown in the appendix.

According to the Lemma 1, there is a polynomial F(X) € Z[X] such that

k
“Y X a£0, F=f
j=0

where k is a degree of F(X).

k-1

If ¢, = 0, we can retakez chj as F(X). By repeating this operation,

j=0
we can assume that ¢ # 0. In the case of k = 2, it is easy to show that the
sequence {a,} = {wf(™} is a perfect polyphase sequence of length p, and in
the case of k = 1 or 0, it is obvious that the sequence {a,} = {w(™} is not a
perfect polyphase sequence of length p. Let us consider the case of k > 3.

Let 6(1) be an autocorrelation function of {a,}, i.e.
0(l) = ACF({an},1) Z antiay, ZwF(”H)_F(”)
neZ/pZ n
where | € Z/pZ. 6(1) is expressed as a linear combination of w® = 1,w!, w?, .-+ jwP~1
by non negative integer coefficients. If {a,} is perfect and polyphase, then

{0 ifl#0
e(l)_{p if1=0

Suppose that Zp_o b; w’l = 0, where bj € Z. Since w is a prlmltlve p-th root of
unity, all coefﬁ01ents are same each other ie. bg =by = =bp—1. We find an
equality of sets as follows;

{Gi(0),Gi(1),-- ,Gilp— 1)} = {671 (=1}
where Gi(X) = F(X +1) — F(X). Then we obtain equalities in Z/pZ as follows;

Z Gi(n)™ = Z n™ for arbitrary m.

neZ/pZ ne€Z/pZ

To calculate the right hand side, we use the following lemma.



Lemma 2. Let p be an odd prime integer and d be a positive integer. We
define a mapping B from Z to Z/pZ as follows;

Bd)= Y n’
ne€Z/pZ

Then,

B(d)—{ -1 ifd=0 mod (p—1)

0 ifd£0 mod (p—1)

The proof of the lemma is shown in the appendix.

According to Lemma 2, if 1 < m < p — 2, the right side is equal to 0,
therefore,

> Gim™ =0,

n€Z/pZ

for all I and m such that 1 <] <p—1and 1 < m < p— 2. Based on the
definition of G;(X), left hand side is calculated as follows;

Yo G = Y (Fn+1) - Fn)™

n€Z/pZ n€Z/pZ
k . . "
= > (L al+y —n))
n j=0

Since [ is prime to p, IP~! = 1 and the mapping n = ly is a one to one mapping
from Z/pZ to Z/pZ for each . Therefore;

m

k
Yo G = Y [ Doy +1) — (y))

n€Z/pZ yEZ/pZ \j=1

m k
SIS ey + 1y — gy

y £=1 \je=1

p—2
> Al =0,
j=0

where

m
Awmg = Y > e (+1ys—y%)
y 1<je <k =1

Sig=i mod (p—1)



These equations are expressed as a system of linear equations as follows;

10 1! 12 .. 172 Ao 0
20 91 92 ... 9p—2 At 0
30 31 32 L 3p—2 Ame | =] 0
p-1° (-1 (p-1* -+ (p—1r2 App—2 0

The matrix appeared in the left side is a Vandermonde matrix and it is easily
shown that its determinant # 0. Finally we obtained following equalities.

Amvj = Ov (1)

for all m and j such that 1 < m <p—2and 0 < j < p—2. We determine m
according to k. It will be shown that a fact conflict with (1) occurs for such m
if k> 3.

Let mq be the maximal integer which satisfies kmy < p, i.e. m; is determined
by the following inequalities;

kmi <p < k(my+1).

Since k > 3, 2mq < %kzml < %p < p—1. So, Asp, ; = 0 for all j such that
0<j<p-2

To calculate A, j, let’s consider the system of equations and inequalities
of j17j27 T ,j2m1 given by

Ji+Jje+-+jam, =5 mod (p—1)
1<ih<k

1§]2m1§k
0<j<p-2

We take j such that the solution of (2) contains (j1, 2, , jom,) = (k, k, -+ , k).
—_———

2m1

Let’s consider the case of & /(p — 1). Since k /(p — 1), km1 < p — L.
If 2kmy > p— 1, set jo = 2kmy — p + 1, otherwise set jo = 2kmy. Then,
0<j<p—2,50 Ao, j, =0.

On the other hand, the solution of consists in (j1,J2, - , Jom,) = (k, k,--- , k)
and positive integer solution of ji + jo + - - - + jom, = jo. Since Aoy, j, is a sum
of terms corresponding to the solution, As,,, j, is expressed as follows;

Agmjo = ™) ((y+1)F —y)*™
Yy
2m.
DN SRR | [(CES )
y 1551, d2mg Sk §=1
X ie=do



To calculate the second term, we evaluate the degree of the polynomial in
2m1

y inside of }° of it. Since the degree = Z(jf —1) =jo—2m; < p—1 the
e=1

second term is equal to 0 because of the Lemma 2. To calculate the first term,

we use the following lemma.

Lemma 3. Suppose that k is an integer such that k£ > 3. Let m be an integer
which satisfies km; < p < k(mq + 1). Then,

2mg (_1)m1+12m Cm km C —1—km if k X(p - 1)
+1 k_ ,k = . 1 1 1¥p 1 ;
2 (=) { it it kl(p 1)
The proof of the lemma is shown in the appendix.
Finally,

_ mi+1 2m
AQWIJO = (_1) ey 12m1 C7n1 *kma Cp—l—kml

Since 2my < kmy < P, 2m; Cm, Z 0 and g, Cp—1-km, Z 0. This contradicts
the equation (1).

Next, we treat the case of k|(p — 1) . Since k|(p — 1) , km; = p—1. We
consider j = 0. Since maximal value of j; +- - -+ jap,, is 2km; = 2(p—1), Then,
the solution of (2) consists in (j1,Jo2, - ,J2m,) = (k,k,---,k) and positive
integer solution of j1 + jo + -+ 4 jom, = p — 1. Since Ay, o is a sum of terms
corresponding to the solution, it is expressed as follows;

Agmio = @™ Y ((y+D)F =yt
Yy
2m1
Jrz Z Cjr " Cam, ]:[((y+ 1)7¢ — ).
Yy 1<di1,id2mg <k £=1
ZJ'§=P*1

By the similar dicussion, it is shown that the second term = 0. To calculate
the first term, we use Lemma 3.
Finally,
A2m1,0 = (_1)m1+1ck2m12m1 Cm1

Since 2m; < kmq = p — 1,(2m1)! # 0. Therefore, Aoy, 0 # 0. This contradicts
the equation (1).

The above logic shows that there exist o, 5,7 € Z such that a,, = W +Bn+y,
It is clear that {w”"*7} is not perfect.
This completes the proof of the theorem. O



3 Transformations of the set of the perfect polyphase
sequences

Let N be a positive integer. Let Sy be the set of sequences of length N and Py
be the set of the perfect polyphase sequences of length N. Let w = e be a
primitive N-th root of unity. Let K = Q(w) be N-cyclotomic field, i.e. the field
extension of Q by w. We define transformations of Py, which is described as
p, 0, and 7. In the case that the length of sequences is odd prime, it will be shown
that the transformation group generated by p,o and 7, acts Py transitively.

Theorem 2. Let r, sy, s2,t1,t2 be integers such that r,s; € ZX and sg,t1,t2 €
Zy. That is, r and s; are relatively prime to N, and ss,t; and t; have no
such restrictions. Let {an}ﬁ’;ol be an element of Py . We define the mappings

Prs O (sy,s5) and T(;, 4,) from Py to Sy, as follows;

pr({an 7]:,;01) = {(an)r 7]:];01
0(31752)({an}nN;01) = {as;nts, }rjy;Ol
T(tl,tz)({an}nNgol) = {thn+t2 . an}rjy;017

2mi

where w = e~ . Then, these mappings are bijective transformation of Py .

Proof. Tt is obvious that the images of the mappings consist of the sequences of
the power of w, i.e. they are polyphase sequences of N-th root of unity.

For the proof of p,, set b, = (a,)". Since r is relatively prime to N, the
mapping w — w” induces the homomorphism of K[8]. Let ¢, be this induced
homomorphism. Then, an autocorrelation function of {b,} is calculated as
follows;

N—-1 N—-1 b
ACF({bu}.]) = ) buwiba™ = Y 55
n=0 n=0 n
N—-1 a r N-—1 a
n+l n+l
= ) ( j) = (Z - ) = 6, (ACF({an},1))
n=0 n n=0 n

This shows that {b,} is perfect if {a,} is perfect.
For the proof of (4, s,), set by, = as,nys,, then

N-1 N—lb N—la N—la
* n+l1 s1(n+1)+s2 (s1n+s2)+s1l
ACF({b,},1) = E bpyiby” = = E —_— 2 = E —_
n=0 n=0 n n=0 Asin+so n=0 Asin+sq

Since s; is relatively prime to N, the mapping n’ = sin + sy is a bijective
mapping on Z/NZ, therefore,

N—-1
ACF({b, 3, ) =Y % = ACF({an}, 511)

n’=0

10



This shows that {b,} is perfect if {a,} is perfect.
For the proof of 7, +,, set b, = w'"*'2q,,, then

N-1 N-1 N-1
. b . wt1(n+l)+t2a !
ACF({bn}7 l) = Z bn+lbn = Z+ = Z wtinttag -
n=0 n=0 " n=0 "

N-1

_ t1l An+ — tllACF l

w 7;) 0 w ({an}, 1)

Since w't! # 0, this shows that {b,} is perfect if {a,} is perfect.
It is easy to show the following equalities,

Propr! = Prrr O(s;,s2)O0(sh,s5) = O(ssy,shsatsy)  T(trit) OT(th ) = T(t1+t] ta+tp)

where o is a composition of the mappings. Since p; = 7(1,0) = 7(0,0) = idp, (the
identity mapping of Py ), all of these mappings are bijective transformations of
Py. O O

Let G be a transformation group of Py. Since Py is finite, G is a finite group.
Let Go be a subgroup of G, generated by p,, 0(s, s T(t, 12), Where 7,51 € Zy,
and So,t1,t9 € Zy.

Theorem 3. Suppose that N is odd prime and set N = p. Gy acts on P,
transitively. In other words, there is only one point in the quotient space P,/Gy,
ie. |P,/Go| = 1. More specifically, for arbitrary element S = P,, there
exists an element y € Gy such that
p—1
({an}hzy) = {'}
n=0

27mi

where w = e » .

Proof. According to the theorem of the previous section, there exists a € Z;
and 3,7 € Z, such that

ap = wanz-s-ﬁn-&-'v

Since [, p] = 1, there exists o/ € Z}, such that aa’ =1 mod p. Then
(an)o/ _ wn2+a/ﬁn+a’fy

Since [2,p] = 1, there exists 8’ € Zy such that —28" = o/ mod p. Then

)Ct/ _ w(n—ﬁ/)z'f‘al’}/—ﬁ,z

(an

Set v/ = 82 — o', then

(7041 © 71,81 © par)({an}) = {w' }

O O

11



Chu sequences are famous perfect polyphase sequences [1, 3]. Let p be an
odd prime number and {an}ﬁ;lo be a Chu sequence of p. a, is expressed as
follows;

a, = e%rn(n—}—l)
2

, where [r,p] =1

Since the coefficients of n“ is not 2757" but %T’ this expression looks slightly
different from our result. But there exist ' € Z) such that v’ = 2 mod p.

Therefore,

(2w 0y © prr){an}) = {2 By - fon*}

4 Concluding remarks

A parameterization of the set of perfect polyphase sequence denoted by P, was
obtained and transitivity of the action of Gg on P, was proved.

Let {an}ﬁ;lo € P, be an arbitrary perfect polyphase sequence of odd prime
length p. It was shown that there exist a € ZY, 3,7 € Zy such that a, =
wa"2+5"+7, where w is a p-th root of unity. The proof consists in several steps;

e Since {a,} is polyphase, we can find a mapping f : Z/pZ — Z/pZ such
that a, = w/(.

e Find a polynomial F(X) € Z[X] such that f(n) = F(n) mod p
e Obtain the equalities of coefficients of F'(X) from perfectness of {a,}.

e These equalities contradict that the degree of F(X) is equal to three or
more.

We defined transformations of P,, which was described as p,, 0(s, s,), and 7(¢, ¢,)-
Let Gy be a subgroup of the transformation group of P,, generated by them.
It was shown that for an arbitrary sequence {an}ﬁ;}) € P, (including Chu
sequence), there exists an element y € Gg such that

x(fan}nzo) = {12
For future research, we would like to point out the definition of polyphase se-
quence. We defined that {a,} € Sy is polyphase if and only if "a? =1 for all
n”. According to the result obtained by Gabidulin[7], “There are only finitely
many perfect auto-correlation polyphase sequences of prime length.” His in-
tention is that there exist infinitely many perfect polyphase sequences for each
prime but there exit finitely many essentially different perfect polyphase se-
quence for each prime. He defined that the polyphase sequence is a sequence
whose components are on the unit disk in C. Though €? is on the unit disk, there
exists no integer Ny such that (e?)Mo = 1. From this point, we think that the
definition would be corrected. We think that the following expanded definition
is natural; ”there exist an integer Ny such that a)Yo = 1 for all n” Though we
adopt such expanded definition of polyphase sequences, following proposition
may be proved.

12



Conjecture. Let ]5p be the set of perfect polyphase sequence of odd prime
length p in the meaning of the expanded definition. Let {a,}’_{ € P, There
exist o € Z,, 8,7 € Q such that

2 ’ ’
ap =W I 0 < By < 1,

27mi

where w =e» .

Of course the inverse of the conjectyre is easily shown, i.e. it is easy to show
that if o € 2%, 6,7 € Q, then {w* /"7 } € P, . It is also easy to show
the following theorem.

Theorem 4. Let u1,uz € Q be rational numbers. 7, ,,) is a transformation
of P, defined as follows;

%(ul,uQ)({&n}) — {wuanruz )

. Then, T(y, u,) is a bijective mapping of ]Sp

2mi

where w = e »

Let Gy be transformation group generated by 7 If the conjecture is

u1,u2)"
correct, it is easily proved that the quotient space P,/G1 is a finite set although
P, is not a finite set. More specifically, the following proposition can be easily
proved.

Conjecture. There are p—1 points in the quotient space Pp/él, ie. \]Sp/éﬂ =
p—1.

5 Appendix

As an appendix to the article, proofs of the lemmata are described.

5.1 Proof of Lemma 1

Let k be an integer such that 1 < k < p — 1. We define the polynomials
Dy (X) € Z[X] for each k as follows;

Di(X) = - J[ x-1

I#k
0<i<p—1

Dy(X) is a polynomial of which the degree is (p—1) and coefficients are integers,
and satisfies the following equalities;

Di(j)=0 for1<j<k—lork+1<j<p-1
Dk(k) =1
Let f(n) be given by f(n) =7, arbitrarily. Set F(X) as follows;

k=0

13



It is obvious that F(n) = r, for all 0 < n < p — 1 and the degree of F(X) is
p — 1 or less. This completes the proof of Lemma 1. O

5.2 Proof of Lemma 2

Suppose that 1 < d < p — 1. Let X be an indefinite element and consider
binomial expansion of (X + 1)4+L.

(X + 1)dJrl = XM O X g Oy X OIX

Consider the case of X =1,2,--- | p and calculate the sum.
P P P
(er 1)d+1 —1—p=441 Cy Z x4 +dat1 Ca—1 Z D G +a+1 C1 Z X!
X=1 X=1 X=1
This equality is transformed to the equality of Z/pZ, i.e.
d+1CaB(d) +q41 C4—1B(d—1)--- +441 C1B(1) =0
If d < p — 2, the following equality holds for j such that 0 < j <d + 1,
a+1C; #0

Then, B(d) = 0 is concluded inductively.
Let © € Z/pZ. 1f x # 0, 2P~ = 1. Therefore,

Blp—1)= Y a"'=0"'41414-41=-1
z€Z/pZ p—1

Since 2P = x for all € Z/pZ, it is obvious that B(d) = B(d —p+1) for d > p.

Then, we reach the general case. O

5.3 Proof of Lemma 3

To calculate the sum, we use the binomial expansion.

2m1
D+ DF =y = NN 50, C(=1) (y+ DM (yF)>m I
Y y j=0
= U+V+W,
where
mi—1
U = ZZ s G (—1Y (y + 1) ()2
y
Vo= Z 2m, C m1 - ml(y"f‘l)kml(yk)%nlimlv
2m1 )
W= Z Z omy Cj (1) (y + 1) (y*)>m 7.
Yy j=ma+l

14



By changing variables, j = 2m; — j',y = —1 — ¢/, W is transformed as follows.

mi—1
W= 3037 amComygr (C)P™ 7 (=) (1 =)
y j'=
mi—1
= 30D e Gy ()T )R gy
v g=
= U

5.3.1 in the case of k f(p — 1)

Let us consider U. Since k A(p — 1) , km; < p— 1. Since 0 < j < m; — 1,
(y+ 1)kjyk(2m1*j) is a polynomial in y of degree 2km and its degree is evaluated
as follows;

-1
2 — 2> 2kmy >2p—2k>2p—2pT =p+1.
The degree of the lowest term is k(2m; — j) and is evaluated as follows;
k(2my —j) > k(2mq — (mq — 1)) = k(my + 1) > p.

So the degree of each term is bigger than p — 1 and smaller than 2(p — 1), i.e.
U =W = 0 because of Lemma 2.

ST (w+F—yF)™ 2y Oy (1) D (y + 1)Fmayfm

yEZ/pZ Y

km1

= om,COny ()™ Z Z kmlcjijrkml

y j=0

Since p—1—km; <p—-1-k(2-1) =k—1<km and p—1—kmy >
p—1—p=—1, j which satifies j + km; = p — 1 is uniquely determined in the
range of 0 < j < kmy. Therefore

Z ((yJF 1)k *yk))ml = 2m,Cm, (=1)™ km1Cp—1—km1(*1)
y€EZ/pZ

5.3.2 in the case of k|(p — 1)
Let us consider V. Since y?~! =1 for y # 0 in Z/pZ,

vV = 2m1Cm1(*1)mIZ(y+1)kmlykm1
Y
= 2O (D™ Y (yly+1)"™
y#0,—1
-2 2mq le(_l)ml
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Let us consider U. Since k|(p — 1) , km; = p— 1. Since 0 < j < my — 1,
(y+4 1)k yk(Zmi1=3) ig a polynomial in y of degree 2km; = 2(p—1) and the degree
of the lowest term is k(2my — j) and is evaluated as follows;

k(2my —j) > k(2mq — (mq — 1)) = k(my + 1) > p.

Since the terms whose degree are not 2p — 2 are 0 by the summation of y,
U is calculated as follows;

mlfl mlfl
U= Y omCi(=17 Y v 2 == 2, Cy(=1)
J=0 y j=0
By changing j = 2m; — j/,
2mq 2m;
= — Z 2m102m1*j'(_1)2m1_1 = - Z 2m1Cj'(_1)j
j'=mi+1 J'=mi1+1
Therefore,
mlfl ) 2m1 ]
U+VAW = =3 00, Ci(=1) =220, Con (=1)™ = D 200, Cy(—1)
7=0 j=mi1+1
= _(1 _ 1)2m1 _ 2m10m (_l)ml
= _2m1cm1(_1)m1
> (+DF =)™ = ()™, O,
yEZ/NZ
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